We prove several strong convergence theorems for the Ishikawa iterative sequence with errors to a fixed point of strictly pseudocontractive mapping of Browder-Petryshyn type in Banach spaces and give sufficient and necessary conditions for the convergence of the scheme to a fixed point of the mapping. The results presented in this work give an affirmative answer to the open question raised by , and generalize the corresponding result of Zeng et al. 2006, Osilike and Udomene 2001, and others. 
Introduction and Preliminaries
Let E be a real Banach space and E * its dual. ·, · denotes the generalized duality pairing between E and E * . Let J : E → 2 E * be the normalized duality mapping defined by the following:
It is well known that if E is smooth, then J is single-valued. In this paper, we denote a singlevalued selection of the normalized duality mapping by j. I denotes the identity operator. F T is the fixed point set of T , that is, F T {x : Tx x}. ii If E is a Hilbert space, then inequality 1.2 is equivalent to the following inequality:
iii T is a Lipschitz continuous mapping, that is, ∃L > 0, s.t, Tx − Ty ≤ L x − y . In fact, by 1.3 , we have
where L λ 1 /λ.
Definition 1.3.
A mapping T : D T ⊂ E → E is said to be i compact, if for any bounded sequence {x n } in D T , there exists a strongly convergent subsequence of {Tx n }, or ii demicompact, if for any bounded sequence {x n } in D T , whenever {x n − Tx n } is strongly convergent, there exists a strongly convergent subsequence of {x n }.
Let us recall some important iterative processes.
Definition 1.4
Ishikawa iterative process with errors in the sense of Liu 2 . Let K be a nonempty convex subset of E with K K ⊆ K. For any x 1 ∈ K, the sequence {x n } is defined as follows:
x n 1 1 − α n x n α n Ty n u n , y n 1 − β n x n β n Tx n v n , n ≥ 1,
where {α n } and {β n } are appropriate sequences in 0, 1 , and {u n }, {v n }, are appropriate sequences in K.
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If β n v n 0 for all n, then 1.7 reduces to Mann iterative process with errors as follows:
x n 1 1 − α n x n α n Tx n u n .
1.8
Definition 1.5 Ishikawa iterative process with errors in the sense of Xu 3 . Let K be a nonempty convex subset of E. For any x 1 ∈ K, the sequence {x n } is defined as follows:
where {u n } and {v n } are bounded sequences in K, and {α n }, {γ n }, {β n }, {δ n } are real sequences in 0, 1 satisfying α n γ n ≤ 1, β n δ n ≤ 1, for all n ≥ 1. If β n δ n 0 for all n, then 1.9 reduces to Mann iterative process with errors as follows:
x n 1 1 − α n − γ n x n α n Tx n γ n u n .
1.10
Remark 1.6. i If u n v n 0 in 1.7 or γ n δ n 0 in 1.9 , then 1.7 and 1.9 reduce to Ishikawa iterative process 4 ,
x n 1 1 − α n x n α n Ty n , y n 1 − β n x n β n Tx n , n ≥ 1.
1.11
ii If u n 0 in 1.8 or γ n 0 in 1.10 , then 1.8 and 1.10 reduce to Mann iterative process 5 ,
In 1974, Rhoades 6 proved strong convergence theorem by the Mann iterative process to a fixed point of strictly pseudocontractive mapping defined on a nonempty compact convex subset of a Hilbert space. In 2001, Osilike and Udomene 7 proved weak and strong convergence theorems for strictly pseudocontractive mapping in a real q-uniformly smooth Banach space E which is also uniform convex.
In 2006, Zeng et al. 8 established the sufficient and necessary conditions on the strong convergence to a fixed point of strictly pseudocontractive mapping in a real q-uniformly smooth Banach space. They got the following main results. From an arbitrary x 1 ∈ K, let {x n } be defined by the following:
1 − α n x n α n Ty n u n , y n 1 − β n x n β n Tx n , n ≥ 1.
1.13
Then {x n } converges strongly to a fixed point of T if and only if {x n } is bounded and
In the end of Zeng et al. 8 , they raised an open question.
Open Question 1. Can the Ishikawa iterative process with errors 1.7 be extended to Theorem 1.7?
At the same year, Zeng et al. 9 proved the following strong convergence theorem for strictly pseudocontractive mappings. Theorem 1.8. Let q > 1 and E be a real q-uniformly smooth Banach space. Let K be a nonempty closed convex subset of E, and let T : K → K be compact or demicompact, and strictly pseudocontractive with F T / ∅. Let {u n } be a bounded sequence in K. Let {α n }, {β n }, and {γ n } be real sequences in 0, 1 satisfying the following conditions:
From an arbitrary x 1 ∈ K, let {x n } be defined by the following:
y n 1 − β n x n β n Tx n , n ≥ 1.
1.14
If {x n } is the bounded sequence, then {x n } converges strongly to a fixed point of T .
They raised another open question.
Open Question 2. Can the Ishikawa iterative process with errors 1.9 be extended to Theorem 1.8?
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We have answered the Open Question 1 in 10 . The purpose of this paper is to answer the Open Question 2, and we prove some strong convergence theorems for strictly pseudocontractive mapping in Banach spaces, which improve Theorem 1.8 in the following:
i q-uniformly smooth Banach spaces can be replaced by general Banach spaces.
ii Remove the boundedness assumption of {x n }.
iii Iterative process 1.14 can be replaced by Ishikawa iterative process with errors 1.9 .
Respectively, our results improve and generalize the corresponding results of Zeng el al. 8 , Osilike and Udomene 7 , and others.
In the sequel, we will need the following lemmas.
Lemma 1.9 see 11 . Let {a n }, {b n }, {c n } be sequences of nonnegative real numbers satisfying the inequality a n 1 ≤ 1 c n a n b n , n ≥ 1.
1.15
In particular, if lim inf n → ∞ a n 0, then lim n → ∞ a n 0. 
Main Results
In the rest of paper, we denote by L the Lipschitz constant.
Lemma 2.1. Let K be a nonempty closed convex subset of a real Banach space E.
Let T : K → K be a strictly pseudocontractive mapping with F T / ∅. Let x 1 ∈ K; {x n } is defined by 1.9 and satisfying the following conditions:
Then 1 there exist two sequences {r n }, {s n } in 0, ∞ , such that ∞ n 1 r n < ∞, ∞ n 1 s n < ∞, and
Furthermore, lim n → ∞ x n − q exists. 
Proof. 1 Let q ∈ F T . Since {u n } and {v n } are bounded sequences in K, we have
Since T is a strictly pseudocontractive mapping, by Remark 1.2 i ,
By Kato 13 , the above inequality is equivalent to
Let a n α n γ n and from 1.9 , we have x n 1 1 − a n x n a n Ty n γ n u n − Ty n .
2.6
It follows that x n 1 a n x n 1 a n I − T x n 1 − a n x n 2a 2 n x n − Ty n a n Tx n 1 − Ty n γ n 1 2a n Ty n − u n .
2.7
Observe that q 1 a n q a n I − T q − a n q.
2.8
From 2.7 and 2.8 , we have
x n − q 1 a n x n 1 − q a n I − T x n 1 − I − T q − a n x n − q 2a 2 n x n − Ty n a n Tx n 1 − Ty n γ n 1 2a n Ty n − u n .
2.9
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x n − q ≥ 1 a n x n 1 − q a n 1 a n I − T x n 1 − I − T q − a n x n − q − 2a 2 n x n − Ty n − a n Tx n 1 − Ty n − γ n 1 2a n Ty n − u n ≥ 1 a n x n 1 − q − a n x n − q − 2a 2 n x n − Ty n − a n Tx n 1 − Ty n − γ n 1 2a n Ty n − u n .
2.10
So
2 n x n − Ty n a n Tx n 1 − Ty n γ n 1 2a n Ty n − u n .
2.11
Furthermore, set b n β n δ n ≤ 1, then y n 1 − b n x n b n Tx n δ n v n − Tx n .
2.12
We make the following estimations.
2.14
Ty n − u n ≤ L y n − q u n − q ≤ L 2 1 δ n x n − q 1 Lδ n M,
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Tx n 1 − Ty n ≤ L x n 1 − y n L x n − y n a n Ty n − x n γ n u n − Ty n ≤ L x n − y n La n Ty n − x n Lγ n Ty n − u n L b n x n −Tx n δ n Tx n − v n La n Ty n − x n Lγ n Ty n − u n ≤ Lb n x n −Tx n Lδ n Tx n − v n La n Ty n − x n Lγ n Ty n − u n ≤ L 1 L b n x n − q L 2 δ n x n − q La n 1 L 2 1 δ n x n − q L 3 γ n 1 δ n x n − q Lδ n M L 2 a n δ n M Lγ n 1 Lδ n M.
2.16
Substituting 2.14 , 2.15 , and 2.16 in 2.11 , we obtain
2.17
where
2.18
By conditions i and ii , we have Proof. Let q ∈ F T . It follows from 1.3 , 1.9 , and Lemma 1.10 i that
2.21
Let k n 2α 2 n Ty n − x n x n 1 − q 2α n L y n − x n 1 x n 1 − q 2α n γ n 2γ n u n − x n x n 1 − q .
2.22
Then 2.21 becomes
From Lemma 2.1 1 , lim n → ∞ x n − q exists. So { x n − q } is bounded. By inequalities 2.14 , 2.15 , and 2.16 , the sequences { Ty n −x n }, { y n −x n 1 }, { u n −x n } are all bounded. Notice the conditions of
Hence, 2α n x n − Ty n x n − Tx n 2γ n x n − u n x n − Tx n .
2.27
Observe the right side of the above inequality, since
Tx n 1 − Tx n ≤ L x n 1 − x n ≤ α n Ty n − x n γ n u n − x n −→ 0 n −→ ∞ ,
2.28
and { x n − Tx n }, { x n − Ty n }, { x n − u n } are all bounded. Together with lim n → ∞ x n 1 − Tx n 1 0, then lim n → ∞ x n − Tx n 0, that is, there exists a subsequence x n j of {x n }, such that Proof. The necessity is obvious. So, we will prove the sufficiency. From Lemma 2.1 1 , we have x n 1 − q ≤ 1 r n x n − q s n , ∀q ∈ F T , n ≥ 1.
2.30
Therefore, d x n 1 , F T ≤ 1 r n d x n , F T s n .
2.31

